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To the multidimensional tame symbol* 

Denis Osipov^ 

1 Introduction 

Let K = k{{t)) be a 1 -dimensional local field. Then the tame symbol 



^ '■ U.9)k = {-ly^^^"^'^^-^, mod t . k[[t]l (1) 

O 
< 



where / , g are from K* , v is the discrete valuation of K . By the Weyl reciprocity law 
the product of tame symbols of rational functions over all the points of a projective curve 
is equal to 1 . 

In [2] the tame symbol is obtained as commutator of central extension of some group of 
-linear operators in K . By this way the reciprocity law was proved too. This method is 
the multiplicative analog of the Tate method for the presentation of residues of differentials 
<^ ■ on curves via the traces of infinite-dimensional operators ([18j). 
CN ■ Let K = k{{ti)){{t2)) be a two-dimensional local field. In [5] was given the generali- 

^ ■ sation of Tate's method to the multidimensional local fields. 

In this article we give a construction of the 2-dimensional tame symbol as the com- 
\ mutator of group-like monoidal groupoid which is obtained from some group of /c -linear 
O ' operators in K . We give also the hypothetical method for the proof of 2-dimensional 
Parshin reciprocity laws. 

In section [2] we give the construction of the group Gx/k of -linear operators acting 
in K . This construction is from [5] . 

In section [3] we introduce some identifications in the category of 1-dimensional k - 
vector spaces and give the definition of k* -gerbe and the definition of morphism between 
k* -gerbes. 

In section H] we describe the commensurability for the pairs of k -subspaces which 
generalises the commensurability from [IB], [2]- From the pair of such subspaces we con- 
struct k* -groupoid and Z-torsor by means of Kapranov's determinantal and dimensional 
theories, 



*This text was written in 2003 as preprint 03-13 of the Humboldt University of Berlin and was available 
at http:/ /edoc.hu-berlin.de/docviews/abstract.php?id=26204 (only evident misprints are corrected now). 
Later E. Frenkel^andX; Zhu obtained in ar Xiv:0810.1487l ]math.RT] more general results concerning the 
third cohomology classes of groups acting on two-dimensional local fields, and the author and X. Zhu 
obtained in arXiv:1002.4848 [math. AG] the proof of the Parshin reciprocity laws on an algebraic surface 
similar to the Tate proof of the residue formula on an algebraic curve. 

t Supported by DFG-Schwerpunkt "Globale Methoden in der Komplexen Geometric". 
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In section [5] we recall the notion of group-like monoidal groupoid and the connection of 
such categories with cohomology of groups [S]. There is the generalisation of commutator 
map for such categories ([7j). We give explicit formulae from [7]. 

In section |6] we construct the group-like monoidal groupoid from the action of the 
group Gx/k in two-dimensional local field K . The obtained category corresponds to 
some element from H^{GK/k, k*) . The commutator of this category gives us the two- 
dimensional tame symbol up to sign. We obtain the sign by expression from commutators 
of lifting elements in the central extension of the group G by Z . 

In section [7] we give the hypotetical formula connecting the commutators obtained 
from group-like monoidal categories connected with Ki © K2 , Ki and K2 , where Ki , 
K2 are various two-dimensional local fields. By this formula we reduce the reciprocity law 
to the adelic ring on the surface around the point and along the curve. We prove that 
the sign expression and group-like monoidal groupoid connected with this adelic rings are 
trivial. 

We hope that one can remove all the constructions of this article to the case of local 
artinian rings instead of the ground field k to obtain as derivation the Beilinson con- 
struction of residues and the simple proofs of explicit reciprocity laws with the value in 
Witt vectors, see [I] for the case of curves. 

I am very much grateful to Professor A.N. Parshin for the constant support of the 
author, for the numerous discussions and advices. 

I am grateful to Professor J.M. Munoz Porras for the inviting me to the University 
of Salamanca in the October of 2002, where the part of this work was reported in the 
seminar, and the author was pointed preprint [1]. I am grateful to Professor H. Kurke, to 
A. Zheglov and G. Biucchi for the helpful advices. 

2 Construction of the group 

The constructions of this section are from |[5j. Let K/k be a n -dimensional local field 
of equal characteristic, i.e. K ~ ^((^i)) • • • {(tn)) = K{(tn)) after the choice of local 
parameters, K is the first residue field of K . Denote by Ok C K the discrete valuation 
ring with respect to the discrete valuation on K . We have Ok = K[[tn\] ■ For a finite 
dimensional over K vector space V we will call by Ok -lattice a Ok -submodule L (Z V 
such that L^Ok K = V , L^O, L^V. 

Let V , V he finite dimensional vector spaces over K . We will define subspace 

EK/k{V,V)cRomk{V,V). 

Let A : V ^ V be a k -linear operator. Let L' C L G V , L C L' G V be Ok -lattices 
such that 

A{L) G L',A{L') G L. 
Then we get an induced morphism 

A G Homfc(L/L',L7L) 

and L/L' and L'/L are vector spaces of finite dimension over K . 
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Definition 1 Let V , V be as above. We define the set Ex/k{V,V) by the following two 
properties: 

1. If K = k, then EK/k{V, V) = Homfc(V, V) . 

2. Let K/k be a local field of dimension at least one. Then 

for all lattices L G V , L G V there exist 
A G Ex/kiy, V) 4^ lattices L' G L , L' ^ L as above 

such that A e Eji/j,{L/ L' , L' / L). 

Proposition 1 The following properties are satisfied: 

1. YiomK{V,V)<^EK/k{V,V). 

2. Ex/kiy^y) ^ Homfc(V, V^) is a k -subspace. 

3. EK/k{y,y)°EK/k{V,y) ^ EK/k{y,y) ■ in particular, EK/k{y,y) is an (in general 
noncommutative) algebra with unit. 

4. The definition of Ex/k does not depend on the choice of L' and V . 

The proof of this proposition is in |17j . 

Let K he a. local field of dimension 1 . Then it is not difficult to see that EK/k{y-, y) 
coincides with the space of continuous /c -linear operators, if the topology on V and y 
is induced by the discrete valuation topology on K . 

Remark, that after the choice of local parameters we can describe E^/kiK, K) in 
the following way. Let K = K{{tn)) , and let A G Endk{K) . Then consider the matrix 
(Ai)ijez given by 

A{xti^) = '^Aij{x)ti with Aij G Endk{K), x G K. 
j 

Then Ex/k{K, K) = {A G Endk{K) and the following conditions hold: 

1. The linear maps A^j lye in Ej^/f^{K) for all i,j; 

2. The set of indices i,j s.t. Ai j 7^ is contained in a domain with a boundary a 
monotonely increasing curve j = j{i) such that — > 00 if i — )■ 00 . } 

Definition 2 When K is a 2 - dimensional local field, denote by Gx/k the group of 
invertible elements of Ex/k^K, K) ■ 
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3 1-dimensional vector spaces and A:*-gerbes 

Let A, B , C be 1 -dimensional k -vector spaces. Then we have the canonical isomor- 
phism: 

{A ®kB) ®kC ^ A ®k {B ®fc C), 

such that for any four 1 -dimensional k -vector spaces the following diagram is commuta- 
tive 

A®k{B(»k{C®kD)) A®k{{B®kC)®kD) 

i i 
{A®kB)®k{C ®kD) {A®k{B®kC))®kD 

\ ^ 

{{A ®k B) ®k C) ®kD) 

We have also the following canonical morphisms: 

A®kA*^k A®kk-^A k®kA-^A {A®k B)* = B* ®k A* 

We will identify the 1 -dimensional k -vector spaces with respect to the above canonical 
morphisms. All these identifications don't lead to the contradiction when we consider these 
identifications in the chain of morphisms of the tensor product of 1 -dimensional k -vector 
spaces. It follows from the diagram above and some other easy diagrams. (In fact, we have 
from these diagrams that the category of 1 -dimensional k -vector spaces with the tensor 
product and the operation of dual space is the group-like monoidal groupoid. ) 

Definition 3 A category C is a k* -gerbe, if 

1. For any Ci,C2 G Ob(C7) Homc{ci,C2) is a k* -tors or and for any C3 G Ob(C) the 
composition Homc(ci, C2) (g) Hom(7(c2, C3) — )■ IIom(7(ci, C3) is bilinear. B.omc{ci,Ci) 
is the trivial k* -torsor. 

2. For any k* -torsor E , for any c G Ob(C) there exists a unique c' G Ob(C) such 
that E = IIomc(c, c') as k* -torsors. d is denoted E ® c . 

Definition 4 Let C\ and C2 he a k* -gerbes. Then F G Hom(Ci,C2) iff 

1. F is a functor, which is an equivalence of categories; 

2. F(Hom(7^ (ci, C2)) = Homc2(i^(ci), F(c2)) as k* -torsors for any Ci,C2 G Ob(Ci) . 

Remark 1 1. Any /c* -gerbe C after the choice of an object c is isomorphic to the 
category of k* -torsors: c 1— )■ Hom(c, c) . 

2. For any fc* -gerbes Ci,C2 , any F G Hom(Ci,C2) is defined uniquely by the value 
on one c G Ob(Ci) : F{c) = IIomci(c, c) (g) F{c) 

3. For any /c* -gerbes Ci and C2 Hom(Ci,C2) is a /c* -gerbe as well, where for any 
Fi,F2 G Hom(Ci,C2) IIomHom(Ci,C2)(-^i) -^2) are natural transformations between 
functors Fi and F2 ■ 

The more information about gerbes is in [6], [8], [9]. 
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4 Commensurability 

Recall the following definitions from [18], [2] and their modification from |T]. 
Let be a -vector space. Let A and B be -subspaces. Then 

A B 

A B iff dimi. — < oo and dimi. — < oo. 

AnB Ar\B 



If A ~ 5 , then 



[A I B] =^ dimfc "f - dim^ 



If is a finite-dimensional vector space over k , then let det W be the top exterior 
power of W . Then 

{A I B) = lim Homfc (det(A/C), det(5/C)) 

is a 1 -dimensional k -space, where for the passing to the direct limit we need the identities: 
for C dC 

det(v4/C") = det(A/C) ®k det(C/C") 

det(5/C") = det(5/C) ®k det(C/C"). 

And / G Homfc(det(A/C),det(E/C)) i — > f e Homfc(det(A/C"), det(5/C")) , where 
f'{a c) =^ /(a) ® c, a is any from det(A/C) , c is any from det(C/C") . 

Proposition 2 1. If A B , B ^ C , then A^C . 

2. Let A, B, C he as above, then 

[A\B] + [B\C] = [A\C]. 

3. There is a canonical isomorphism 

a : {A\B)0kiB\C)^{A\ C) 
such that the following diagram of associativity is commutative: 

{A I B) ®fc {B I C) ®fe {C\B) (A I C) ®k (C I D) 

i i 
{A I B) ®fc iB\D) {A\ D) 

Proof The proofs of items [1], [2] of the lemma are not difficult and can be found in §1]. 
For item [3] remark that we have a canonical map: 

Homfc(det(A/C"),det(fi/C')) ®k 

Homfc(det(E/C"),det(C/C')) Homfc(det(A/C"), det(C/C")), 

(2) 
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which satisfies the associativity diagram. And this map commutes with the direct hmit 
from the definition of ( | ) • We obtain the map a after the passing to the direct hmit 
in ©. 

Now we give the following definitions from [T^ . 

Let be a /c -space with the filtration with finite-dimensional over factors. Let 
Griy^ be the set of all fc-subspaces of V which are commensurable (like ~) with 
subspaces of filtration. 

Definition 5 Let V he a k -space with the filtration with the finite- dimensional factors. 
A dimension theory on V is a map d : Gr{V) — )■ Z such that, whenever t/i, f/2 ^ G{V) , 
we have 

d{U2) = d{Ui) + [Ui\U2]. 

The set of dimension theories will be denoted Dim(V^) . The group Z acts on Dim(l^) 
by adding constant functions and makes Dim(V^) into a Z-torsor. 

Definition 6 Let V he a k -space with the filtration with the finite- dimensional factors. 
A determinantal theory on V is a rule A which associates to each U G Gr{V) a 1 - 
dimensional k -vector space A{U) , to each pair Ui,U2 G G{V) , an isomorphism 

Au,u, : A(f/i) ®k (f/i I f/2) ^ A(f/2) 
so that for any Ui, f/2, f/3 G G{V) the ohvious diagram 

A(f/i) ®k (f/i I f/2) ®k (f/2 I f/3) ^ A(f/i) ®fc (f/i I f/3) 
i i 
A(f/2) ®k (f/2 I f/3) ^ A(f/3) 

is commutative. 

We denote by Det{V) the category (groupoid) formed by all determinantal theories 
on y . If we fix f/ G Gr{V) , then 

HomDet(y)(A, A') = A'(f/) 0^ A(f/)* \ 0. 

Define the twisting for any A;*-torsor E , for any determinantal theory A G Det(l^) 

(E® A)(f/) = E(S)kA{U). 

One easily sees that 
Proposition 3 Det(y) is a k* -gerhe. 

Remark 2 Any element U G Gr(y) gives djy G Dim(V^) and Ajj G Det(V^) by the rule 

doiU) = [iJ I U] , A^iU) = (U I U). 
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Denote by ® the tensor product of /c*-torsors, and by for Z-torsors. 
For any A;*-gerbes C',C" we denote C MC" the category (groupoid, i.e., every mor- 
phism is invertible) whose class of objects is Ob(C') x Ob(C") and 

Homc'KC"((a;', x"), {y\ y")) = Homc'(x', y') O Homc"(x", y"). 

Remark that under this definition C Kl C" is not a k* -gerbe, since we have not prop- 
erty [2] from the definition |3l 

One calls a sequence of /c -spaces with filtrations with finite-dimensional factors 

O^V -^V" ^0 (3) 

admissible, if filtration on V is induced from the filtration on V , and filtration on V" 
is the factor filtration of filtration on V . We will also speak about admissible filtrations 

ViCV^C.CVn. 

Proposition 4 1. For each admissible short exact sequence ^ we have a natural 
identification of X-torsors 

Dim(l/') © T)im{V") — > Dim(r) 

and these identifications are associative in any admissible filtration of length 2 

2. for an admissible short exact sequence^ there is a functor between groupoids 

6v'vv" ■ Bet{V')mDet{V") — yDet{V) 

and the following diagram is commutative for any admissible filtration of Vi G V2 G 
V3 of length 2 : 

BetiVi) m Det(F2/l^i) ^ Bet{Vs/V2) — > Det{Vi) K Det(l^3/yi) 

Det (1^2) KDet (1/3/^2) — > ^etiV^). 

Proof (see [HI §2]). Given dimension theories d' on V and d" on V" , we have a 
dimension theory d on V given by 

d{U) = d'{a-\U)) +d"{(3{U)). 

Given determinantal theories A' on V and A" on V" , we have a determinantal theory 
A = 5y/yy//(A', A") ou V defined by 

A(f/) = A'(a-i(f/))®,A"(/3(f/)). 

The diagram is commutative after the our agreements on identifications of 1 -dimensional 
-vector spaces (see the beginning of section [3]). (Without this agreement on identifica- 
tions of 1 -dimensional -vector space this diagram is commutative up to some natural 
transformation, and these transformations fit into a commutative cube for any admissible 
length 3 filtration, as in [HI §2].) 

Let K/k be a 2 -dimensional local field. 
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Definition 7 Let V be a finite- dimensional vector space over K . For k -subspaces 
A,B G V one calls B iff there are Ok lattices L C M G V such that 

LCACM and LCB CM. 

Definition 8 Let a k -vector space V = Yliei ' ''^here every Ki/k is a 2 -dimensional 
local field. For two k -subspaces A,B E V one calls A^ B iff there is a finite set J <Z I 
such that for every j & J there are Ok^ -lattices Lj C M, C Kj , there is a k -subspace 
W C riieA-^ such that 

WljXW C A C JJ Mj- X 

and 

Y[LjXW C B C JJMj- X V^. 



Remark that if /c -spaces A ^ B G V , A D B , then A/B is a space with filtration 
with finite-dimensional factors. For example, in the case V is finite-dimensional over K , 
the filtration is induced from the filtration of the ^ -space M/L by -lattices. 

Definition 9 Let k -subspaces A B C V . Then define 

[[A \B]] = lim Homz {Dim{A/C), Dim(S/C)) 

CcA,CcB 

The possibility of the passing to the direct limit follows from the identities: for C G C 

Dim{A/C') = Dim{A/C) © Dim(C/C") 

Dim(5/C") = Dim(5/C) 0Dim(C/C"). 

And / G Homz(Dim(A/C),Dim(S/C)) ^ /' G Homz(Dim(A/C"), Dim(5/C")) , where 
f'{a c) =^ /(a) 0c, a is any from Dim(^/C) , c is any from Dim(C/C") . 

Proposition 5 1. [[A \ B]] is a Z-torsor for any k -subspaces A B cV . 

2. For any k -subspaces A ^ B C <Z V there is a canonical isomorphism of 'L- 
torsors 

\\A I B\\ \\B I C\\ \\A I C\\ 
and these isomorphisms are associative for any 4 subspaces A^B^C^DdV. 



8 



Proof is the same as for 1- dimensional -spaces in item |3] of proposition [2j 

Let k -subspaces A ^ B ^ P C V , P C A, P C B . Define 

{{A,B,P)) = Hom(Det(v4/P),Det(5/P)). 

Then {{A,B,P)) is a /c*-gerbe. We have a natural functor for a /c-subspace C D P , 
C ^P 

{{A, B, P)) M {{B, C, P)) ^ ((A C, P)) (4) 

Let A ^ B ^ P ^ Q , A D P D Q, B D P D Q . We construct the functor J^p^q 
between k* -gerbes: {{A, B, P)) {{A, B, Q)) . We have the exact sequences: 

^ P/Q ^ A/Q A/P ^0 and ^ P/Q B/Q B/P 0. 
Therefore we have the functors 6p/q^a/q,a/p ^p/q,b/q,b/p 

Det(P/g) M Det(A/P) ^ Det(A/Q) and Det(P/Q) M Det(P/P) ^ Det(P/g) 
Choose any e G Ob(Det(P/g)) . Then for G ((A,P,P)) define 

where 0' G {{A, B, Q)) is defined by the following rule: 

0'(5p/Q,A/Q,A/p(e K a)) = Sp/Q^B/Q,B/pe K 0(a) for any a G Ob(Det(A/P)), 

Since Det(A/Q) and Det{B/Q) are /c* -gerbes, the functor 0' is determined by the 
value on one object. 

The functor 0' does not depend on the choice of e , since for any other e' G 
Ob(Det(P/g)) we have 

HomDct(A/Q)(e K a, e' K a) = HomDet(p/g)(e, e'). 

From item [2] of property H] we have the exact equality of functors 

J^q,tJ^p,q = J^P,T 

for any P D Q D T , P ^ Q ^ T . Therefore the following definition is correct. 
Definition 10 For k -subspaces A ^ B G V define the category {{A \ B)) as 

Oh{{{A I B))) =^limOb(((A,P,P))), and 

p 

Hom((^|B)) ({cp}, {c'p}) = hmHom((A,B,P))(cp,Cp), 

p 

where the direct limit is given with respect to the functors J^p^q ■ 
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Proposition 6 1. {{A \ B)) is a k* -gerb for any k -subspaces A ^ B G V . 

2. There is a functor between groupoids 

6a,b,c : {{A I B)) m {{B \ C)) {{A \ C)) 

and the following diagram is commutative for any k -subspaces A^B^C^Dg 
V 

{{A \ B)) ^ {{B \ C)) ^ {{C \ D)) ^ {{A \ B)) ^ {{B \ D)) 

i i 
{{A \ C)) ^ {{C \ D)) {{A\D)). 

Proof . Item [1] follows from the definition of {{A \ B)) . Item |2] follows from the analo- 
gous statements for {{A,B,P)) , which are obvious (see expression (jl])). The diagram is 
commutative, since the composition of functors between categories is strictly associative. 
The passing to the direct limit conserves these statements. 

Remark that for any s G [[A \ B]] there is a well-defined s^^ G [[B \ A]] such that 
s~^Qs and sQs~^ are the identity maps in [[A \ A]] = limHom2(Dim(y4/P), Dim(y4/P)) 

and [[B \ B]] = limHomz(Dim(5/P), Dim(E/P)) . 

For S G Ob(((A I P))) there is always a well-defined S'^ G Ob(((P | A))) such 
that Sa,b,a{S^^ KI S) and Sb,a,b{S KI 5*^^) are the identity functors from {{A \ A)) = 

limHom(Det(A/P),Det(A/pj) and ((P | P)) = limHom(Det(P/P), Det(P/P)) corre- 

— >• — > 

spondingly. 

Let P be a subgroup of Ex/kiV, V)* , if is a finite-dimensional vector space over 
K . Let P be a subgroup of all GKjk for / G /, if = Yliei ■ Then we have an 
action of the group P on V (diagonal action of P in the second case), such that for any 
h E H , for any A ^ B G V HA ^ KB and if A D P , then h induces a well-defined 
map Gr{A/B) Gr{hA/hB) . 

Then for any h E H we have a map (and a functor) 

h : Dim(A/P) ^ Dim{hA/hP) , Det(A/P) ^ Bet{hA/hP), 
where for any U G Gr{hA/hP) , d G Dim(A/P) , A G Det(A/P) 

{hod){U) = d{h-^U) and {hoA){U) = A{h-^U). 
Therefore we have a map 

h : Homz(Dim(A/P),Dim(P/P)) ^ Homz(Dim(/iA//iP),Dim(/iP//iP)) 
and a functor 

h : {{A, P, P)) ^ {{HA, HB, HP)), 
where for any F from Hom^(Dim(A/P), Dim(P/P)) or from {{A,B,P)) we put 
g o F gFg^^ . We pass to the direct limit and obtain a map (and a funcor) 

h : [[A\ B]] [[HA I HB]] and {{A \ B)) {{HA \ KB)) 
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such that h[[A \ B]] h[[B \ C]] = h[[A \ C]] and the following diagram is commutative 

{{A \ B)) m {{B \ C)) {{A\C)) 

i I 
h{{A \ B)) M h{{B \ C)) h{{A\C)). 

Remark that for any hi,h2 & H we have 

h2 o {h o [[A I B]]) = (h^h) o [[A I B]] , h2 o ih o ({A I B))) = (h^h) o {(A \ B)). 

5 Group-like monoidal groupoids and cohomology of 
groups 

In this section we recall the notion of group-like monoidal groupoid, connection with the 
group cohomology and analog of commutator map [9] , [7] . 

The groupoid is a category, in which every morphism is invertible. The group-like 
monoidal groupoid (or groupoid with tensor product, or gr-category) is a groupoid C 
with tensor product, i.e., a category equipped with a composition law, which is a functor 
® : C X C — )• C , denoted by (X, Y) X ® F , together with an associativity constraint, 
which is a functorial isomorphism 

cx,Y,z ■■ X ® {Y ® Z) ^ {X ®Y) ® Z 
and a unit object / for which there are given functorial isomorphisms 

gx : I ®X ^ X, dx : X®I X. 
The following diagrams are required to be commutative: 

{X®I)®Y X®{I®Y) 

X®Y 

and 

X®{J®{Z®W)) X®{{J®Z)®W) 

; i 

{X®Y)®{Z® W) {X®{J® Z)) ® W 

\ 

{{X®Y)®Z)®W) 

It is required that every object X admits an "inverse" X* for which there is an 
isomorphism ex '■ X ® X* — )■ I . There is also, therefore, a well-defined isomorphism: 
Px ■■ I^X*®X. 

The set 7ro(C) of isomorphism classes of objects is a group under tensor product. Let 
7ri(C) denote the group Autc{I) , where the group law is induced by the tensor product. 
It follows that vri(C) is abelian. The group 7ro(C) operates on vri(C) as follows: for X 
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an object of C and 7 an automorphism of / , let [X] ■ 7 denote the automorphism of 
J ~ X ® (/ ® X*) given by Idx ® (7 ® Idx*) ■ By theorem of Sinh we have a canonical 
class in the co homology group H^{TCo{C),ni{C)) which represents the obstruction to 
finding an assignment g G ttq^C) ^ Pg E Ob(C) , together with isomorphisms Cg^^g^ : 
Pgiai ^ P91 ® P92 fi'i 5 9'2 i'^ 7ro(C) such that for any three elements of this group 

a natural associativity diagram holds. Choose objects Pg and isomorphisms Cg^^g^ . Then 
with c = cpg^^Pg^^Pg,^ we have the equality 

CO {Id® 032,33) o 031,3293 = f {.91,92, 93) o (031,32 ® Id) o ?/'5(i5(2, 5-3 (5) 

for a unique f {91,92, 93) ^ 7ri(C). The cohomology class of / in H^{ttq{C),7!'i{C)) is 
independent of all choices. 

We say that group-like monoidal groupoids Ci and C2 with given ttq and tti are 
equivalent, if there is a functor F : Ci — > C2 together with functorial isomorphisms 
A : F{X (g)Y) F{X) (g) F{Y) and /i : F{I) -> J , which are compatible with the 
associativity isomorphisms and the identity isomorphisms in Ci and C2 ; it is also required 
that F induces the identity maps on ttq and tti . 

There is the following proposition (see [H]). 

Proposition 7 By attaching to a group-like monoidal groupoid its invariant f {91, 92, 93) 
from we obtain an isomorphism between the group of equivalence classes of group-like 
monoidal groupoids C , for which 7ro(C) = H and vri(C) = M , with given action of H 
on M , and the cohomology group H^{H,M) 

Consider any abelian subgroup D C 7ro(C) such that D -module structure on vri(C) 
is trivial. For each 9 G 7ro(C) let Pg be a representative object of C in the isomorphism 
class oi 9 .To C one can associate the 7ri(C) -torsor E above D x D , whose fibre above 
{9, h) e is the set 

Eg^h = H0mc(P/, ®Pg,Pg0 Ph). 

Composing the elements of Eg^h on the right with automorphisms of Ph® Pg , viewed 
as elements of t^i{C) , makes E into a right tti (C) -torsor on D x D . (Alternate choices 
for the reperesentative objects Pg and Pj^ of 9 and h yield an tti (C) -torsor E' on 
D X D isomorphic to E .) For each elements 9,h E 7ro(C) choose an element Cg^h G 
Hom{Pgh, Pg ® Ph) ■ 

The TTi (C) -torsor E is endowed with a pair of partial multiplication laws: 

+ 1 '■ Eg,h®Eg',h > Eggl^h', +2 : Eg^h^Eg^h' ^ E g ^hh' , 

where for u G Eg^h , v G Egi^h , w G Eg^y the partial sum u+iv is defined as the following 
composition of isomorphisms 

Ph®Pgg' Ph®{Pg®Pg') ^ {Ph®Pg)®Pg' A {Pg®Ph)®Pg' ^ 

^ Pg®{Ph®Pg') A Pg®{Pg,®Ph) ^ {Pg®Pg,)®Ph ^^^'^^ Pgg'^Ph 
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Here the unlabelled arrows are the associativity isomorphisms. The partial sum u +2W 
is defined in an analogous way: 



Phh'^Pg {Ph®Phl)®Pg ^ Ph®{Py®Pg) A Ph®{Pg®Ph') ^ 



^ {Ph®Pg)®PH') A {Pg®Pt,)®Py ^ Pg®{Ph®Ph') ^ Pg^Phh' 

These definitions don't depend on the choice of Cg^g' and Ch^h' ■ 

Proposition 8 ([7J) These partial multiplication laws on E give the structure of a weak 
biextension, i.e. these laws are associative and compatible with each other. 

Now consider elements gi, 02,93 ^ '^o{C) such that these elements commute with each 
other. Fix any corresponding objects Pg-^, Pg^, Pg^ G C and any morphisms: 

^51,52 ^ P' 91,92 ^91,93 ^ P 91,93 ^92,93 ^ ^92,93- 

We consider an automorphism of the object Pg,_^ (x) Pg^ (x) Pg^ , which follows from the 
composition of morphisms in the following diagram: 

Pg^^Pg,^Pg, 

Pg,®Pg,®Pg, P92 ® P93 ® P91 

t i (6) 

®P,3®Pg, P92®P9l<i^P93 



Pg, ® Pg, ® Pg, 



Where morphisms in this diagram by modulo the obvious associativity isomorphisms are 
given consequently as: 632,^3 (g> Pg^ , P32 ® ^g-^^^g^ , Cg-^^g,^ Pg.^ , Pg^ CS) ^g^g^ , Qg^g.^ 
P93 ® . . 

Remark 3 In [15] the diagram ([6]) is named Yang-Baxter hexagon. This diagram cor- 
respond to the 2-dimensional permutohedron, i.e. convex polytope, whose vertices corre- 
spond to all permutations of 3 letters. 

We have the following proposition (see [7]). 

Proposition 9 1. The automorphism obtained from diagram ^ belongs to k* and 
depends only on the elements gi,g2,g3 o,nd the class of the category C in 
if3(7ro(C7),7ri(C)) . It is denoted (pcigi, 92, 93) ■ 

2. (pc is a trilinear alternating map. 

3. 

, . N f {91, 92,93) f {93, 91,92) f {.92,93,91) /^X 

(Pc[9i, 92, 93) = -F] w? TFT V- \') 

f [91, 93, 92)f[93, 92, 9i)f[92, 9i, 93) 

If 7ro(C) is abelian, then (pc is evaluation of the 3 -cocycle f on the triple Pontr- 
jagin product cycle 91.92-93 e Hs{7ro{C)) of classes 91,92,93 e Hi{tco{C)) = 7ro(C) . 
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4- 4>c is trivial iff the both partial group laws +i and +2 of E are commutative. 

Remark 4 The map (f)c is an analog of the commutator map for iJ^ -cohomology of 
groups. Let we have the central extension of groups: 

1 — > A — V G B -^l. (8) 

Consider 61,62 G B such that they commute. Fix any 61,62 ^ G such that pip'^) = 61 , 
= ^2 • Define ipdbi, 62) = [6^, 63] . We have the following property of ipc '■ 

1. V'g(6i,62) belongs to A and depends only on the elements 61,62 and the class of 
extension (^2i> in H'^{B,A). 

2. ipG is a bilinear alternating map. 
3. 

^^^^^'^^^ = 7(6^' 

where / is a 2-cocycle of extension (IT^ . If i? is abelian, then t/'g* is simply 
evaluation of the 2-cocycle / on the double Pontrj agin product cycle 61.62 G H2{B) 
of classes 61, 62 G Hi{B) = B . 

4. If 5 is abelian, the ip is trivial iff G is abelian. 



For an abelian subgroup D C 7ro(C) we fix any h,g E D . Then we have two central 
extensions: 

1 ^ 7ri(C) ^ El,/, ^ ^ 1 (10) 

and 

1 n^iC) ^ ^2,^ ^D^l, (11) 

where the group law in Ei h is given from the partial group law +1 : E^j^ h ® Eb.^ h 
Ebib2,h for any 61, 62 from D ; the group law in i?2,g is given from the partial group law 
+2 : Eg^bi ® Eg^b2 Eg^bibi ^OT aiij 61,62 from D. 

Proposition 10 Let gi,g2,g3 G 7ro(C) commute with each other. Then 

(pcigi, 92, 93) =^£1,33(^1,^2) =^£2,91(^2,^3)"^- 

Proof From [7] we have the following explicit expressions for a cocycle fh,i of extension 
Ei^h and for a cocycle fg^2 of extension i?2,3 

A,i(6i,62) = , 79,2(61,62)- 



f{h,hM) ' ''' ' ' ^ /(^?,6i,62)/(6i,62,<7)- 

We compare now the last expressions and explicit expression for (pc and of formulae ([7]) 
and ([9]). It gives the proof of proposition. 
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6 Two-dimensional symbol as commutator of group- 
like monoidal category 

Let K = K{{t)) be a 2 -dimensional local field. Let k he a. residue field of K . We have 
a discrete valuation of rank 2 . 

where 1^2 is the discrete valuation with respect to the local parameter t, and jyi{b) '= 
Pxipt'^'^^'^^) ■ depends on the choice of local parameter t. Let pK be the discrete 
valuation ideal of K with respect to z/2 , <px the discrete valuation ideal of K . 
Define a map: 

pk ■■ K* X K* — > Z 

as the composition of maps: 

K* X K* — > K2{K) ^ K* 

where di is the boundary map in algebraic -theory. 82 coincides with tame symbol ([T]) 
with respect to discrete valuation 1^2 . di coincides with the discrete valuation Uj^ . 
Define a map: 

i, , )k ■■ K* X K* X K* ^ k* 
as the composition of maps 

K* X K* X K* K^{K) A K2{K) k* , 

where is the Milnor -group. 

There are the following explicit expressions for these maps (see [TT]): 

^K{f,g) = yi{f)v2{g) - iy2{f)M9) 

(/, g, h)K = sign^(/, g, modp, mod^^ 

signK{f,g,h) = i-lf, 

where B = Ui{f)u2{g)u2{h) + i'i{g)i'2{f)i'2{h) + z/i(/i) 2/2(5') z/2 (/) + ^2{f)i^i{g)i^i{h) + 
i^2ig)i^iif)Mh) + T^2{,h)pi{f)pi{g) . 

Proposition 11 For any f,g,h& K* 

signi^(/>5', ^) = (-1)^ ; where 

A = i^Kif,g)i^Kif, h) + iyKif,g)i^Kig,h) + iyKig,h)iyKif, h) + PKU,g)^KU^ h)PK{.g,h). 
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Proof follows from direct calculations modulo 2 with A and B using the explicit ex- 
pressions above. 

Let V be either a finite-dimensional over K vector space, or Ylii^i •> where every 
Ki is a 2 -dimensional local field. Let a k -subspace L C V be an Ok -lattice in the first 
case, and Hze/ Li (ZV m. the second case, where Li is Oki -lattice for every I E I . Let 
a group if be a subgroup of Ex/kiV, V)* in the first case, and a subgroup of Gki/i for 
every / G / in the second case such that for any h E H for almost all Z G / we have 
hLi = Li . 

Now we can well define the following central extension: 

^ Z ^ Gv,L ^ H ^1, (12) 

where elements of Gv,l are the pairs {h, d) with h E H , d E [[L \ hL]] . The multipli- 
cation law is {h, d){g, d') = {hg, dQ {ho d')) . The unit is (e, id) , where e is unit of H , 
and id is the identity map from ((L | L)) . 

Proposition 12 1. For an other L' E V such that L' ^ L there is a canonical 
isomorphism between central extensions Gv,l (^nd Gv,l' 

2. If for any h E H we have hi = L , then the extension Gv,l is splittable. 

Proof We prove item 1. We choose any s E [[L' \ L]] . An isomorphism between central 
extensions Gv,l and Gv,l' is given as {h, d) {h, s Q d Q {h o s~^) . It is clear that this 
isomorphism does not depend on the choice of s . 

Now we prove item 2. The splitting is constructed as following: h [h, id) , where id 
is the identity map from {{L \ L)) . It finishes the proof. 

From the last proposition we have ipcvhifyd) — 4^Gy,^,{.fi9) commuting ele- 

ments f,gEH. We denote 

^v{f,9) = i^GvAf^d)- 

Theorem 1 Let V = K and H = K* . Then in central extension [W^] we have for any 
f,gE K* the commutator of lifting of these elements in Gv,l 

i^vif^g) = -J^xif^g)- 

Proof We take L = Ok - Both ipy and (?) are bimultiplicative and skew- 

symmetric. There is a multiplicative decomposition 

K* = K* xt^ X W^, 

where Uj^ = 1 + pKt ■ Therefore to proof the theorem it is enough to consider the following 
cases. 

1. Let f,g E K* xU},. Then UK{f,g) = . We have fOK = Ok, gOK = Ok- 
Therefore by item 2 of proposition [T2l we have ipv{f,g) = 1 • 
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2. Let f e K* , g = t"^ . Then UK{f,t-^) = -i^kU) ■ We fix any d e Dim{K) = 
= I)im{OK/t-^OK) = Homz(Dim(0),Dim(C^/t-iC>i^)) = [[Ok \ t-^OK]]- 
Let / = (/, id) , g = {g, d) be from Gv,l ■ We fix any U G Gr{K) . 
Then fg = {ft~^, f o d) and gf = {ft~^, d) . Tlierefore 

^GyM^9) = [Ig] = {fod){u)-d{u) = dU-\u))-d{u) = [u I f-'u] = ufiif). 

Let V , L, H be tlie same as in tlie definition of central extension (fT2|) . Now we 
construct tlie group-like monoidal groupoid Cy^i with t^o{Cv^l) = H and 'niiCy^i) = k* 
and the trivial action of H on k* . 

Ob(Cy,L) = {ih,F) \ heH,Fe{iL\ hL))} 

Romc^Aih, F,), ih, F,)) = { WA'V.), if h = h 

{h,,F^) ® (/i2,F2) = {hh2,6LMLMh2L{F, K {g^ ■ F2))) 

I={e,Id), 

where e is the unit element of H and Id is the identy equivalence from {{L \ L)) . 

If X = {h,F), then X* = {h~\F-^). 

Then Cv,l is the group-like monoidal category with the strict associtiavity and unit, i.e., 
Cx,y,z , dx and gx from the axioms of group-like monoidal category are the identity 
morphisms. 

Remark 5 The definition of this group-like monoidal groupoid is very similar to the 
defintion of central extension of groups above fll2p and from [2]. Also it is similar to 
the definition of group-like monoidal category, constructed from the action of the group 
SU{2) on 53 = SU{2) (see §7.3]). On there exists the gerbe Cp connected with 
a point p & . The cohomology class of this gerbe gives the generater of the group 
H^{S^, Z) = Z, (after the choice of orientation of S^). Then the obstruction to the lifting 
of the action of the group SU{2) on Cp is a cohomology class from H^{SU (2), C*) . And 
this cohomology class is presented by the group-like monoidal category C as following. 
Let the point p be the unit e of the group SU{2) . Ob(C) are the pairs ((7,7) , where 
g E G , and 7 is a path from e to g-e . A morphism from ((?, 71) to ((?, 72) is a homotopy 
class of maps a : [0, 1] x [0, 1] — )■ such that a{0, y) = 1 , a{l,y) = g-e , (T(a;, 0) = 71 (x) 
and a{x, 1) = 72(2:) . The composition of morphisms is given by vertical juxtaposition of 
squares, and the tensor product by horizontal juxtaposition of squares. 

Proposition 13 1. For any other L' E V such that L' ^ L the group-like monoidal 
groupoid Gv,l' is canonically equivalent (in the sence of group-like monoidal 
groupoids) to the group-like monoidal groupoid Cv,l ■ 

2. If for any h E H we have hi = L , then the category Gv,l is splited over H (and 
the class of this category in II^{II,k*) is trivial). 
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Proof We proof item 1. Fix any S G Ob(((L' | L))) . Then a functor of equivalence of 
group-like monoidal groupoids from Cv,l to Cv,l' is given as 

{h, F) ^ {h, 6L',hL,hL'{SL,,L,hL{s mF)m{ho s-'))). 

We have Hom((2,'|L))(5', S') Hom((2,'|L))(S'^"'^, S'^^) = k* and 
Hom((2,/|L))(/?. o S~^, h o S'^^) = Hom((2,'|L))(5'~"'^, S'~^) . Therefore 

Therefore from the definition of k* -gerb we have 

SL',hL,hL'{SL>,L,hL{S ^F)^{ho S-')) = 6L',hLMh',LMS' ^ F) ^ {h O S'-')) 

Thus the functor above doesn't depend on the choice of 5 G Ob(((L' \ L)) . 

Now we prove item 2. The splitting is constructed as following: h [h, Id) , where 
Id is the identity equivalence from ((L | L)) . It finisches the proof of the proposition. 

For any commuting elements f,g,hElIwe have from proposition ([T^ 4>CvLif^ 9^ ^) — 
(l)Cy,L'(f^9,h) . We denote 

(pv{f,9,h) = (j)cy^^{f,g,h). 

Lemma 1 Let f{L) = L, g{L) = L . Then (j)v{f,9,h) corresponds to the computing of 
the automorphism of F E Ob(((L | hL))) from the following diagram 

F ^ goF 

t i 9°/3 (13) 

foF gfoF, 

where F G ((L | hL)) , a G Hom(F, (70F) and (3 G Hom(F, /oF) are any. This diagram 
corresponds to the computing of the commutator 4>Eih central extension / flOj) . 

Proof We take Pj = (/, Id) , Pg = {g, Id) and Ph = {h, F) , where F is any from 
((L I hL)) . Then we take morphisms Id G Ef^g and any a G Eg^h , P ^ Ff,h- Then 
diagram ([6]) is reduced to diagram f|T3l) . It proves the lemma. 

Theorem 2 Let V = K and H = K* . Then for any f,g,h G K* we have "the com- 
mutator" of lifting of these elements in Cv,l 

Mf, 9, h) = f'^KMguM)h'^K(U) ^od^, modp^ . (14) 

Proof We take L = Ok ■ Both hand sides of (1141) are trilinear and skew-symmetric. Let 
K = k{{ti)){{t2)) There is a multiplicative decomposition 

K* = tf xt^x Ok, 

where = k* + p^ti + pKt2 ■ Therefore to prove the theorem it is enough to consider 
the following cases. 
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1. Let f E 0*j^, 9^0]^ and h e O]^ or h = ti . Then the right hand side of ( iri]) 
is equal to 1 . We have fL = L , gL = L , gL = L . Therefore from item 2 of 
proposition \TE\ we have (f)y{f,g,h) = 1. 

2. Let / e 0*j^ , g e , h = t^^ . Then the right hand side of ([14]) is equal to 1 . Let 
us check (j)Y{f,g,t2^) in this case. We have 

{{Ok I t^^OK)) = Hom(Det(0),Det(t^^C/r/C/r)) = Det{t^^OK/OK). 

We take U = I^^^Ok/Ok G Gr{t2^0K/0K) ■ Then fU = U, gU = U . Therefore 
for any A G Det{t2^0K/0K) we have 

goA{U) = A{g-'U) = A{U), 

foA{U) = A{U) 
fgoA{U) = A{U). 

Thus we have 

HomDet(t-io,,/o^)(A,^ o Tr) = k\ 

HomDet(t-io^/o^)(A, / o A) = A;*. 

And in diagram (fT3|) we can take a = id , f3 = id for F = A . Therefore by lemma [1] 
we obtain ipv{f, 9, t2^) = 1 • 

3. Let /^^ G , g = ti , h = ■ Then the right hand side of f|T^ is equal to 
/modpft:modp^ . Let us check (j)v{f''^,ti,t2^) in this case. We have 

{{Ok I t2'OK)) = I)et{t2'OK/OK). Let U = t2^0K/OK e Gr{t2^0K /Ok) ■ Let 
Au e Det{t2^0K/0K) be induced by U. Then 

r' o Au{U) = Au{fU) = Au{U) = r, 

u o A{/(f/) = At;(tr'f/) = At;(f/) ® {u I tr'f^) = {u I tr'f^)- 

Therefore 

HomDet(t-io^/o^)(A, f-^ o A) = A;*, 
HomDet(t-ia,/o,)(A,ti o A) = (f/ | t^^U). 

In giagram ( IT3l) for F = A we take P = id and a induced by an element 

^i'^^2^ G {U I ^f/) . Then f{a~^)a = / mod p/^- mod . By lemma [U we obtain that 

0y(/"^, ti, t2^^) = / mod mod p/f . The theorem is proved. 

For any commuting elements f,g,h & H we define 

(/, 9, h)v = signy(/, g, h)(f)v{f, g, h) e k\ 

where 

signy(/ g h) = (— l)'^^(-/''S)V'v(/A)+V'v'(9J)'/'v(9,'i)+V'v('i,/)V'v(/i,9)+V'v'(/,9)V'v(/A)V'v(9,'i) 
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Theorem 3 Let V = K and H = K* . Then for any f,g,hG K* we have 

{f,9,h)v = {f,g,h)K- 
Proof follows from theorems [1] and [2l 

Remark 6 We can reformulate the expressions ipvifi q) and (pvifi Qi h) in the following 
geometrical terms. Define a simplicial set where A°-simplices are /c-subspaces A G V 
such that A f» L . -simplices are elements of [[A \ B]] with the boundary A'' -simplices 
A and B . We define a combinatorial Z -sheaf J-^ (see [13] , [3] , |1] ) on this simplicial 
set such that the stalk J^la is the Z-torsor [[L \ A]] and every 1 -simplex d G [[A \ B]] 
gives an isomorphism J^^^ — )■ J^i^ : [[L \ A]] [[L \ B]] . The group H acts on this 
simplicial set. Then ipvi.fi 9) is the monodromy of J^l on the following square: 



A 



9fA 

t foP- 



This intrepretation is similar to the "template" diagram from [T]. 

We construct now a bisimplicial set, where A° -simplices are the same as above, A^- 
simplices are objects of {{A \ B)) , A^ x A^ -simplices are elements of 
Hom((A|c)) {Sa,b,c{Fi KI F2), Sa,d,c{F3 KI F4)) , where the boundary A"^ -simplices are Fi G 
{{A I B)) , F2 G ((5 I C)) , F3 G {{A I D)) , F4 G {{D I C)) . We define a combinatorial 
gerbe (see [13], [3], [3]) on this bisimplicial set such that a stalk Ql^^ is the k* - 
gerbe {{L \ A)) , for every A^ -simplex F & {{A \ B)) we have an equivalence between 

stalks : Qla — ^ Gla Glb and 2 -cells give the natural transformations of this 

equivalences. We have the action of the group H on this bisimplicial set. Then (pvifi 9, h) 
is the monodromy of combinatorial gerbe Ql on the following cube: 



hgA 



fghA 



h A, 









^gA 




/) 





fgA 



f A 



where we have to choose and fix 3 edges and 3 faces of cube which have the boundary 
vertice A . Then other edges and faces of the cube are obtained by action of elements 
/, (yf, h and their combinations. The arrow gives the orientation of the front face and the 
cube. 
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7 Reciprocity laws 



Let X be an algebraic surface over a field k . We assume that k is an algebraically closed 
field and X is a smooth surface. For any point x G X and any formal irreducible germ 
C at X of some curve one associates a canonical 2 -dimensional local field c (see |16j . 

Fix an irreducible smooth projective curve C G X . Let tc € k{X) be the local 
parametr of the curve C on some open U <Z X . Then for any point a; G C we have 
Kx,c = k{C) ^{{tc)) ■ We introduce an adehc ring: 

Ac = {/x} G JJ ^x,c such that 

x&C 

for fx,c = '^xc^c have for each i the collection {a^Q G k{C)^} is the usual 

i2>— oo 

adele on the curve C . (It means that for the every fixed i for almost all points a; G C 
we have a^ c e O^^^-^^ .) 

Let fc(X)c be the completion of the field of rational functions k{X) with respect to 
the discrete valuation given by the curve C . For a divisor D (Z X we consider a complex 
Ac{D) : 

k{X)c X {l[{BK^^^.®o^Ox{D)))nAc^Ac, 

x£C 

where Bk^ c = limt^'^d^ C K^^c 

n 

Lemma 2 Lei C G X be an irreducible projective curve. Then the cohomology groups of 
the complex Ac{D) are k -vector spaces with the filtration with finite- dimensional over 
k factors. 

Proof We denote a sheaf J-" = Ox{D) . Then the complex Ac{D) is the passing with 
respect to m to projective limit and then with respect to n to injective limit of the adelic 
complexes of the sheafs J^T j T^"^ on the 1 -dimensional scheme {C,Ox/Jc})- Here 
Jc C Ox is the ideal sheaf of the curve C , (C, Ox / Jc) is the scheme with the topological 
space C and the structure sheaf Ox/ Jq -(About the adelic complexes see [5], [12] )• These 
adelic complexes calculate the cohomology groups of the sheafs / Jq^"^ the schemes 
(C, Ox/ Jc) ■ And from C is projective curve it follows that these cohomology groups are 
finite dimensional over the field k spaces. Thus the powers n of the sheaf Jc give the 
filtration of the cohomology groups of the complex Ac{D) . 

After the lemma we can define a Z-torsor 

BimiAciD)) =}iomz{Bim{H\Ac{D))) , Dim{H\Ac{D)))) 
and a k* -gerbe 

Det(^c(^)) = }lom{I)et{H\Ac{D))) , Bet{H\Ac{D)))). 
The divisor D G X defines a /c-subspace -D = ( H c ®Ox ^x{D)) fl Ac C Ac . 

X&C 
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Proposition 14 1. For any two divisors D,E C X we have a canonical isomorpism 
of Z -torsors 

[\D I E]] Homz(Dim(^c(^), Dim(^c(^))), (15) 

and this isomorphism transfers -product of 7j -torsors to the composition of Horn 
for any 3 divisors D, E, F G X . 

2. For any two divisors D,E G X we have a canonical equivalence of k* -gerbs 

{{D I E)) Hom(Det(^c(^),Det(^c(^))) 

and this equivalence transfers Kl -product of k* -gerbes to the composition of Horn 
for any 3 divisors D, E, F C X . 

Proof We proof item 1. We recall that 

[[D I E]] = lim Homz (Dim(L'/F), Dim(E/F)). 

FCD,CCE 

Therefore we fix some F (Z E , F d D . We have an exact sequence of complexes 

AcXF) Ac{D) D/F 0. 

The last complex is the space D/F in -position. From the long exact cohomological 
sequence and item [1] of proposition |4] we obtain an isomorphism: 

Dim(D/F) Romz(Dim{Ac{F),Dim{Ac{D))). 

In the similar way we obtain an isomorphism: 

Dim(E/F) — > Romzi'Dim{AciF),Dim{AciE))). 

From these isomorphisms and passing to the direct limit on F we obtain the isomor- 
phism (fT5|) . Item 2 of the proposition is proved in the same way. 

Fix a point x E X . We introduce an adelic ring: 

Aa; = < {fc} G Y\, -^^.c* such that fc G Ok^c almost all C 3 x. 

[ CBx 

Let Frac^Ox) be the fraction field of the completion of the local ring Ox at the point x . 
For a divisor D G X we consider a complex Ax{D) : 

Frac(a) X ^ O^P)) ^ A,. 

Lemma 3 The cohomology groups of the complex Ax{D) are k -vector spaces with the 
filtration with finite- dimensional over k factors. 
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Proof We denote a sheaf T = Ox{D) ■ Then the complex Ax{D) is the adehc com- 
plex of the sheaf J-" on the 1 -dimensional scheme Spec Ox\x , see [S] , [12] . Therefore 
the cohomology groups of the complex Ax{D) coinsides with the cohomology groups 
if* (Spec Ox \x,J^). But for any i 

W{Spec Ox \x,T) = hm Ext^(m^ , Px)- 

n 

(It follows from H^(SpecOx \x,Q) = limHom(m^, j'^,^) , where Q is any quasicoherent 

n 

sheaf on Spec Ox\x and j : Spec Ox\x ^ Spec Ox ■) 
Now from an exact sequence 

^ ^ 4 a/m^ 

we obtain 

ii°(Spec Ox \x,T) = fx and ii^(Spec Ox \x,7)= hm Ext2(C'x./m^ , fx)- 

n 

The powers of the maximal ideal mx at the point x give the filtartion of the cohomology 
groups of the complex AxiD) ■ 

After the lemma we can define a Z-torsor 

BimiAxiD)) = llomz{Dim{H\Ax{D))) , Dim{H\Ax{D)))) 
and a k* -gerbe 

BetiAxiD)) = }iom{I)et{H\AxiD))) , Det(if°(A(/^)))). 
The divisor D C X defines a /c-subspace -0=11 ^k^c '^Ox ^x{D) C A^. . 

Proposition 15 1. For any two divisors D,E G X we have a canonical isomorpism 
of Z -torsors 

[[D I E]] Homz(Dim(A.(/^),Dim(A(^))), 

and this isomorphism transfers -product of Z -torsors to the composition of Hom 
for any 3 divisors D, E, F G X . 

2. For any two divisors D,E G X we have a canonical equivalence of k* -gerbs 

{{D I E)) — ^ Hom(Det(A(^),Det(A(^))) 

and this equivalence transfers Kl -product of k* -gerbes to the composition of Hom 
for any 3 divisors D, E, F G X . 

Proof is the same as the proof of proposition [HI 
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Theorem 4 1. Fix any irreducible projective curve C d X and any divisor D d X . 
Let H = k{X)(j . Then the central extension Gac,d o-nd the group-like monoidal 
groupoid Cac,d are splited over H . 

2. Fix any point x E X and any divisor D G X . Let H = Frac((9j;)* . Then the 
central extension Ga^,d o-nd the group-like monoidal groupoid Ca^,d o,re splitted 
over H . 

Proof We proof item 1. We have an action of the group H on complexes: 

heH : Ac{D) Ac{hD). 

This action induces an action on Z-torsors: Dim{AciD)) — > Dim{Ac{hD)) such that 
the foUowing diagram is commutativ 

[[D I E]] Homz(Dim(^c(^)), Dim(^c(^))) 

[[hD\hE]] }iomz{Bim{Ac{hD)),'Dim{Ac{hE))). 

We define the central extension G'^^ over H . Elements of this group are pairs {h, f) 
where h E H and / is from Z-torsor B.oTa'i,(DiTa{Ac{D)),Dim{Ac{hD))) . And the 
multiplication in this group is given {h, fi){g, /2) = {hg, fi h{f2)) ■ The isomorphism of 
Z -torsors 

[[D I gD]] Homz(Dim(^c(^)),Dim(^c(/i^))). 
gives the isomorphism of central extensions: 

Gac,d — > ^'ac,d- 

But the central extension G'j^^ j^ has a canonical slitting given by multiplication on h E H 
the complex Dim{Ac{D)) , which gives the element from Hom2(Dim(^c(D)), Dim{Ac{hD))) . 
The splitting of the group- like monoidal groupoid Cac,d and item 2 of theorem can be 
proved in the same way. 
Corollary 

1. For any f,g,h E kyX)^ we have 

■^Ac{f,9)^'^ and {f,g,h)Ac^'i- 

2. For any f,g,h E Prac(Oj;)* we have 

^aM^9) = 1 {f,9,h)A, = 1- 

We consider k -spaces Vi — Yli^h ^2 — Ylieh " -lattices 

Li G Ki for i E Ii U I2 ■ We consider an group H such that if is a subgroup of Gxi/k 
for every i E I^U I2 and for any h E H for almost all i E IiU I2 hL^ = L^ . 
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Proposition 16 (Abstract reciprocity law for ipvi , ) •) For any commuting ele- 
ments f , g from H we have 

^Vieva (/> 9) = ^Vi (/, 9) + i^V2 if, 9) 

Proof It is clear that the central extension Gv^®V2,Li®L2 is Gy-^^Ll ^ hGv2,L2/'^ ■ Therefore 
we obtain the formula in the proposition. 

We can recover the following reciprocity law, see 
Corollary (Reciprocity laws for vk{ , ) ) 

* 

1. Fix a projective curve C C X and f,g& k{X)^ . Then a number of points x E C 
with non- zero VK^cif^9) is finite and 

^^K^,cif^9) = 0. 

2. Fix a point x G X and f,gE FTac{Ox)* ■ Then a number of germs C with non-zero 
vk^ cifi 9) finite and 

'^^K^,cif'9) = 0. 

C3X 

Proof We prove item 2. We fix some divisor D E X . It defines a -space D G . 
For almost all a; G C we have both elements f,g,h G ^ . Let Vi C A^,. be the sum of 
Kx,c over such x . Let V2 be the rest part of A^; . The k -space V2 consists of the finite 
sum of 2 -dimensional local fields. We have fDnVi = DCiVi , gDr\V2 = Dr\V2 . Therefore 
from item 2 of proposition [12] we have the splitting Gvi,yinz) over the group generated by 
/ and g . Therefore ipvi (/; 9) = ^ ■ Also for any K^^c C Vi we have ipx^, cify9) ~ ^ ■ Now 
from proposition [T6l we have ipv{.f^9) = V'vil/^fi')- Now we apply proposition [T6] some 
times to V2 and from theorem [T] we obtain the reciprocity law. Item 1 can be proved in 
the same way with the ring Ac . 

We consider k -spaces Vi and V2 and a group H the same as before proposition [T6l 

Hypothesis 1 (Abstract reciprocity law for ( , , )y) For any commuting elements 
f , g , h from H we have 

{f,9,h)v^ev2 = {f,9,h)vAf^9,h)v2- 

At least, it is clear that the equality of this hypothesis holds up to some sign. Maybe, 
is it possible to prove the statement by some induction, i.e., to reduce by means of biex- 
tensions and proposition [TD] the formula of this hypothesis to the case of 1 -dimensional 
situation, where the analogous formula is true and follows from the long computations in 
the exterior algebra, see [2] ? 

We can recover the following Parshin reciprocity laws, see [TT] . 
Corollary (Reciprocity laws for ( , , )k) 
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1. Fix a projective curve C C X and f,g,h G k{X)^ . Then a number of points x E C 
with n on- unit {f,g,h)K^c is finite and 

2. Fix a point x E X and f,g,h G Frac((9^)* . Then a number of germs C with 
non-unit (/, g, h)x^ ^ ^'^ finite and 

Proof By corollary of theorem H] and hypothesis [1] the proof is on the same way as 
the above proof of the reciprocity laws for ^ ■ 

Remark 7 Hypothesis [Uholds up to some sign, because the group-like monoidal groupoid 
constructed from Vi © V2 is the Baer sum up to a sign of group like monoidal groupoids 
constructed from Vi and V2 ■ Therefore the reciprocity laws for ( , , follow up to sign 
by this method. 
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